ZETA FUNCTIONS OF THE 3-DIMENSIONAL 
ALMOST BIEBERBACH GROUPS 



DIEGO SULCA 

Abstract. We present the computations of the subgroup zeta 
functions of all 3-dimensional almost Bieberbach groups. These 
computations are an application of the study of zeta functions of 
virtually nilpotent groups in [Sj . We observe that the local factors 
of these zeta functions satisfy a functional equation as in [Vj . 



1. Introduction 

It has been more than twenty years since Grunewald, Segal and Smith 
introduced zeta functions of a group in their seminal paper [GSS J as 
a tool to analyze different sequences associated to it, for example, 
{a^ (G)} where af^ (G) is the number of subgroups of a group G of 
index n, or {a^{G)} where a^{G) is the number of normal subgroups 
of G of index n. The subgroup zeta function of a group G is the Dirich- 
let series: 

< 



n=l A<G 



When (s) defines an analytic function in some region of C then in- 
teresting properties of {a„ (G)} can be obtained such as the degree 
of its growth and formulas for its asymptotic behavior. The family of 
groups whose subgroup zeta functions define analytic functions (groups 
with polynomial subgroup growth) was characterized in |LMSJ and it 
is extremely large including for example all polycyclic-by-finite groups. 
Unfortunately the family of those groups whose zeta functions is well 
understood is too small. Most of the analytic properties of subgroup 
zeta functions have been obtained for the family of finitely generated 
torsion free nilpotent groups ( |GSS| . [dSG| ). These zeta functions have 
meromorphic continuation to the left of its abscissa of convergence, 
which is a rational number, they obey of an Euler product decompo- 
sition and the local factors at the prime p are rational functions in 
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Explicit computations of zeta functions of nilpotent groups are known 
just for very few groups. Examples are the free abelian groups, some 
nilpotent groups of Hirsch length < 6 and some other sporadic ex- 
amples in higher dimension. For a good source of these examples is 
|dSW) . The situation for non-nilpotent groups is very different and it 
is remarkable how sensitive the subgroup zeta function is if we extend 
the group base by a finite group. For example the subgroup zeta func- 
tion of Z is just C{s), the Riemann zeta function, which has abscissa 
of convergence 1, while for the infinite dihedral group we have 
C_Doo("5) ~ C("S) + 2~'^C('S ~ 1) with abscissa of convergence 2. 

A systematic study of zeta functions of virtually abelian groups ap- 
pears in |dSMS| where it is shown that these zeta functions have mero- 
morphic continuation to the whole plane, that they are a finite sum 
of series admitting Euler product decomposition and it is given a the- 
oretical expression for these zeta functions in terms of the structure 
of the group algebra Q{G/N), where G is the group and is a finite 
index normal subgroup isomorphic to Z'^, and the action of G/N on A^. 
There it is also presented the explicit expressions for the zeta functions 
of the seventeen plane crystallographic groups. 

In [SJ we study zeta functions of finitely generated virtually nilpotent 
groups. We express the subgroup zeta function of such a group as a 
finite sum of Euler product of cone integrals and using results from 
|dSG| we deduce that these zeta functions have rational abscissa of 
convergence, that they have meromorphic continuation to the left and 
we give a method to compute the cone conditions for these integrals. 
In the current paper we present the computations of the subgroup zeta 
functions of all 3-dimensional almost Bieberbach groups . It is not 
difficult to see that this family coincides with the family of all finitely 
generated torsion free virtually nilpotent groups of Hirsch length 3. 
This family includes the ten 3-dimensional Bieberbach groups (torsion 
free space groups) and the others are classified in |DIKL] or [D]. For 
each 3-dimensional AB-group we shall write a functional equation for 
the local zeta function which holds for almost all primes. 

This article should be read in parallel with [S] because we shall use 
the same terminology and notation to avoid repetitions. Our compu- 
tation are checked for the primes p = 2,3,5,7,11,13 and up to the 
power p"^ using the Computational Algebra System GAP. We are very 
grateful with the developers of that software. 



zeta functions of the 3-dimensional almost bieberbach groups 

2. Computing zeta functions 

An almost Bieberbach group (y4i?-group) is a finitely generated group 
G containing a finite index normal subgroup which is nilpotent con- 
taining every finite index nilpotent subgroup of G. The subgroup 
is the Fitting subgroup of G. The Hirsch length of G is the number 
of infinite cyclic factors in any subnormal series of G where the factors 
are finite or cyclic. This number is well defined and it is denoted by 
h{G) and it is usually called the dimension of the AB-gronp G by geo- 
metrical reasons but we shall not go into details. The interested reader 
should consult [D] for a detailed exposition of these groups. 
From now on, this article should be read in parallel with |iSj because 
we shall use the same language and notation. The results in [S] imply 
that if G is a 3-dimensional AB-gToup with Fitting subgroup A^ then: 

I- Cg is) = 5^ [G : H]-XhMs) where (hAs) = ^ ^ ^]"^- 

N<H<G A<fH 

AN=H 

II. For each N < H < G, we have a decomposition as an Euler 
product CH,Nis) = YlCH,N,pi^) where C^,^,p(s) = [H : A]~'. 

p A<pH 

AN=H 

III. For each N < H < G, there exist finite collections of polynomials 
{fi}i(zi and {gi}i(zi with rational coefficients such that for each 
prime p we have 

where r = [H : N] and 

% = {(t, v) e Tr(3,Zp) X M,_ix3(Zp) : f^{t,^r)\gi{t,^r),W^ G /} 

It is a very important fact that if G is an AB-gronp with Fitting sub- 
group A^ and N < H < G, then H is also an y4i?-group with Fitting 
subgroup A^. Then the computation of (s) for all the 3-dimensional 
^S-groups can be obtained from I. above if we know the computa- 
tion of Cg Ni-s) for all 3-dimensional AB-gionp G, where A^ is the Fit- 
ting subgroup of G. Hence, we shall only present the computation for 

C|,7v(s)- 

2.1. 3-dimensional nilpotent AB-groups. The Fitting subgroup of 
any 3-dimensional AB-group is of the form 



Nk = {Xi,X2,Xs : [X2,xi] = Xg, [X3,xi] = [X3,X2] = 1) 
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for some non negative integer k. By Proposition 2.6 of |GSS] . the local 
zeta function of A^^ at the prime p is given by the integral: 

ckp(') = (i-p'T' I \tll\l-'\t22\l-^\h,r'd^^ 

where Tp is the set of matrices t G rr(3, Zp) representing a good basis 
for some open subgroup of the pro-p completion of Nk- By Lemma 2.1 
of |GSS] . a matrix t represents a good basis if and only if ^11^22^33 7^ 
and [x(*ii'*i2.ti3)^x(°'*22'*23)] ^ {x^f). Doing operations in A^^, the last 
condition becomes in Xgg"*^^ G (x^^^^), which is clearly equivalent to 
^331^^11^22- Then we have: 

ckp(') = i^-p-'r' I \tll\l-^h2\T'\h^r'd^^ 

00 Vp{k)+i+j 

ij=0 1=0 •^\t22\=P ^, 

1*33 |=P-' 

00 Vp{k)+i+j 

= E E p-''p''^'-'V^'-'^ 

i,j=0 1=0 

= Cp{s - 2) {Us)Us - 1) - p(2-^)(^^(^)+i)Cp(2s - 2)U2s - 3)) . 

where Vp is the p-adic valuation on Zp, and Cp{s) = is the p-local 

factor of the Riemann zeta function ({s). Doing the product of these 
local factors over all the primes p we obtain: 

C4(^) = C(s)C(s-i)C(s-2) 

which has abscissa of convergence 3; and for A; 7^ we have 

(p{s)(p{s - 1) - p('~^)Mk)+iK,{2s - 2)(p{2s - 3) 



Cp{s)Cp{s - 1) - p(^-^Kp{2s - 2)Cp(2s - 3) 

p\K 

C(g)C(g-l)C(2g-2)C(2s-3) 
C(3s - 3) 

and Corollary 1.10 of [S] shows that the abscissa of convergence is 2. 
This concludes the calculation of the zeta functions all 3-dimensional 
nilpotent AB-groups. In fact, {A^^ : k > 0} are the representatives of 
the different isomorphism classes. 

2.2. 3-dimensional non-nilpotent AB-groups. When G is a 3- 
dimensional non-nilpotent Ai?-group with Fitting subgroup A^, to com- 
pute Cg Ni^) shall follow the following steps: 



ZETA FUNCTIONS OF THE 3-DIMENSIONAL ALMOST BIEBERBACH GROUPS 

Step 1. We shall present the 3- dimensional AB-gio\yg> G with gener- 
ators Xi, X2-, 3:3, a, /3, . . . and a set of relations, such that {xi, X2, X3} is 
a Mal'cev basis for the Fitting subgroup, say N = N^. 

Step 2. A simplified expression for CcNpi^) integral is given 

taking advantage of the presentation of the group G/N: 

Proposition 2.1. Suppose that the group G/N is defined by t gener- 
ators '~fi-i^N, . . . , 7j(A^ and a finite set of relations Rj^'ji-^, . . . , 7jJ G 
(j G Jj. Then for each prime p we have 

(2.1) Cg,^,,(3) = (i-p-^)-^ / hir'-%2r'-%3r'~'dft 

JT' 

'p 

where Tp is the set of pairs (t,v) G Tr(3,Zp) x Mr-ixsi'Z'p) satisfying 
the following conditions: 

(1) ts3\ktut22 

(2) (7,^x"'0"'x*>7,^x"'. G St, z = 1, . . . , /i, J = 1, . . . , t 

(3) i?,(7nx"^...,7..x^-) e^t, JG J. 

Here and in the proof below the notation is Bt = (x*i, x*^, x*^) and 
A(t,v)=5tU(U[-iSx""5t). 

Proof. We shall follow the proof of Proposition 1.8 in [SJ. For j ^ 
{«!,..., it} there exists a word wj such that 'yjN = Wj{'~fi-^^, . . . , '~fit)N. 
We claim that 7^ is the same as the set of pairs (t, v) such that 

(1) t33|^i^ll^22 

(2) (7,x-0"'xt«7,x-^ G 5t, z = 1, . . . , /i, J = 1, . . . , r - 1 

(3) i?,(7,,x-H,...,7,^x-H) e5t, JG J. 

(4) 7jx^^ G «;J(7^lX^n , . . . , 7i,x^'05t for j i B{ii, . . . , ij. 

In fact, any (t,v) G Tp satisfies (1) and (2). Condition (3) follows 
since i?j(7j^x"^'i , . . . ,7j^x"^'i) G ^(t,v) H A'p = B^, and for (4) we have 
(7X0"^w^i(7nX''^i,...,7itX^'0 G A(t,v) H iV = 5t. For the con- 
verse, suppose that a pair (t,v) satisfies (l)-(4). Condition (1) says 
that Bt is a subgroup and (2) says that the elements '-fiX^'Bt are in 
Nc^{Bt)/Bt. Let A/Bt be the subgroup of Nc^{Bt)/Bt generated by 
{7ijX"^ni?t, • • • , 7jtX'^Hi?t}. Condition (4) says that every 'jiX^'Bt is 
in A/Bt and condition (3) says that A/Bt satisfies the relations Rj 
(j G J). Then v4/i?t is a quotient of G/A^ and therefore it must be 
of order < r. Since A(t,v) has r elements then A(t,v) = ^ and it is a 
group. 

Now observe that once condition (4) is verified we only need to verify 
condition (2) for those j G {ii, . . . , it}- Let's refer to this new condition 
as (2'). Then when computing the integral, we can start integrating 
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on the variables Vji for those j ^ that is, on condition 

(4). Using Proposition 1.3 of [SJ we obtain that this partial result 
is [Nk : BtX'-^-^ = |tiir""^"*|t22r'"^"*|t33r'"^'*- Finally we have to 
integrate |tii|'^^"'^^*|t22|*^^ ^l^ssl* * on the set of pairs (t, v) satisfying 
conditions (1), (2') and (3), and this is exactly the statement of the 
proposition. □ 



Step 3. The conditions which describe the domain of integration in 
Proposition 12.11 are presented as a set of conditions of the form x'^^*''^) G 
i?t for some vectorial polynomials h which are independent of p. This 
can be done using the definition of G as in the proof of Proposition 1.8 
in[S]. 

Step 4- We present the cone conditions associated to the conditions 
obtained in Step 3. To do this we shall use Proposition 1.5 of [SJ 
which, applied to A^^, gives: If t represents a good basis for some open 
subgroup Bt of the pro-p completion of = A^^, then an element 
-j^(ai,a2,a3) jg j£ only if the following is true: 

(1) tii|ai 

(2) t22| -^ti2 + a2 

(3) ^33| - ^i^i^23 - T^tis + kf^^ift^ + l)tiiti2 - kaia2 + ag 

Step 5. We start the process of simplification of our set of conditions. 
First we eliminate those conditions which are implied by the others or 
at least we shall simplify conditions using the others, for example, a\h+c 
and a\c will be changed by a|6 and a\c. Sometimes it will be convenient 
to distinguish between the two cases p\[G : N] and p \ [G : N]. For 
example, if p \ [G : N] then any divisor of [G : A^] will be a unit and a 
condition of the form a\[G : N]b is just a\b, whereas if : A^] then a 
condition of the form a\[G : A^]6 + 1 says that a is a unit and therefore 
we can replace this condition by a G Z*. Sometimes it will be necessary 
to split the domain of integration, that is, consider cases: for example 
the condition a\b can be treated in two cases: the case \a\ = \b\ and 
the case \a\ > \b\. We compute the integral in the two cases and then 
we sum the results of them. The aim of these simplifications should be 
clear from the following remark: 

Remark 2.2. Let fo,go G Zp[a;i, . . . , x^], -Do a measurable subset of 
and for i = 1, . . . , n let i^j be a subset of Z™ x Z^. Suppose 
that there exist monomials gi,...,gn G Qp[xi, . . . ,Xm] and rational 
functions ki G Qp(xi, . . . , x„, yi, . . . , for i = 1, . . . , n such that 
gi{Do) C Zp, ki{Di_i) C Zp and such that Di = Di_i x V^, where Vi is 
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a subset of Zp of one of the following two types: 

I: Vi = {vi E Zp : gi{ti, . . . ,tm)\ki{ti, . . . ,tn,Vi, . . . ,Vi^i) + Vi} 
11: Vi = {vi E Zp : \gi{ti, . . . = \ki{ti, . . . . . .,Vi.i) + \Vi\} 



where r is the number of sets Vi of type 11. In fact this will be an 
application of Fubbini's theorem. We start integrating in the variable 
v„ and we observe that g^ih, tm)\kn{ti, . . . ,t^,Vi, . . . , Vi_i) + Vi if 
and only if Vi E gn{ti, • • • , tm)Zp - knih, . . . ,tm,Vi, . . . , Vi-i), and the 
Haar measure of gn{ti, . . . , tm)Zp - knih, . . . ,tm,vi, . . . , Vi-i) is just 
\gn{ti, . . .,tm)\; whereas l^f^^i' • • • = \ki{ti, ...,tm,vi,.. .,Vi-i) + 
Vi\ if and only if Vi E gi{ti, tm)'^l - ki(ti, . . . , t^, f i, . . . , Vi^i) and 
the Haar measure of gi(ti, . . . , tm)'^p — ki(ti, . . . , tm, fi, . . . , fi-i) is (1 — 
P~^)\gniti, . . . ,tm)\- Then integrating on t>„ is the same as adding the 
factor \gn{ti, . . . ,tm)\ or (1 - p~'^)\gn(ti, • • • ,^m)| to the integrand, ac- 
cording to when Vn is of the type 1 or 11. Then we continue with the 
variable and so on. For example, if Dq = Z^ and all V-s are of 
type 1, then is the subset of Z™ x such that the following holds: 



giih, . . 




Mh,.. 


■,tm) + Vi, 


^2(tl,.. 


■ ) tm) 




■,tm,Vl) + V2; 


gnih, ■ 


■ ■ ) tm] 


)\kn{ti, . 


■ ■,tm,Vl, ■ ■ ■,Vn-l) + Vn 



We shall use this remark where ^1,^2? ^3 will be the variables ^11,^22 
and and f 1, . . . , f„ will be the other variables. 

Step 6: After computing all the local factors we shall do the Eu- 
ler product of them and we will write down the explicit formula for 
Cj^(s). We will be able to read the abscissa of convergence from this 
expression according to Corollary 1.10 of [S]. Most of these expres- 
sions can be written in terms of the Riemann zeta function (^{s) = 
YipCpi^) ~ Yip i-p-s sometimes in terms of Dirichlet L-series 



L{s,x) = IlpL{s,x,p) = Up i-x(p)p-' extended primitive 



residue class character x : Z — )■ (Z/nZ)*. Those which will appear 



Then 





n 
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are Xs and X4 defined by: 

{1 if a = 1 mod 3, f 1 if a = 1 mod 4, 

— 1 if a = 2 mod 3, and X4:{(^) — { if a = 3 mod 4, 
otherwise I otherwise 

It is a fact that any Dirichlet L-series, L(s,x), has abscissa of conver- 
gence 1. 

Step 7: In fV\ it is proven that for a r-group A^, the local zeta func- 
tion Cn,p{^) satisfies a functional equation C^^p{s) |p^p-i = P~"'^~^^'^^ Cn,p{^) 
for almost all primes p. We shall present functional equations for the 
local zeta functions CG,N.pi^) ^'^^ almost all primes p. 

We begin with the nine 3-dimensional Bieberbach (the abelian case 
was treated before) giving its IT-number in the International Table for 
Crystallography. Then we continue with the Ai^-groups given as in 

m- 

2.2.1. The Bieberbach group &2- IT=(3,4)- This is the group 

^2 = (7, xi,xs, X3 : [Xi, Xj] = 1, 7^ = xi, 7x27"^ = = ^) 

with Fitting subgroup A^o = {xi,X2,X3). We have 

(2.2) (i,NoA^) = {i-p-'r' [ \tur'\t22r%3r'dfi 

Jt' 

where T' is the set of pairs (t, v) G Tr(3, Zp) X for which 
7x^x*'(7x^)"^ G Bt for i = 1,2,3 and (7x^)2 G Bf 
These conditions are translated in: 

xf'^xf''' G Bt, and G Bt, 

whose associated cone conditions are: 

(1) t22|2tl2, 

(2) hs\ 

(3) till 

(4) t22| 

(5) tssi 

When p ^ 2 then (1) implies (4) and (2) implies (5) and therefore the 
reduced conditions are: 

^221^12; tsal - + and tu\vi + 2"^ 

^22 



-|^t23 + 2ti3, 

2v, + 1, 

2^1+1 ti2+ 2V1+1 + 
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Using Remark 12.21 with Do = Z^, we transform the integral ( 12. 2p into 

cLnoA') = \tnr%2r'\t33r' = us)Us-i)as-2). 

When p = 2, then condition (3) can be changed by tn G Zg, (4) by 
t22\ti2 which imphes (1), and (5) by t^^l^^f^ — t23 which imphes (2). 
Then our conditions are 

til £ ^221^12) and tsal— 7 — - — ^23- 

^22 

Applying Remark 12.21 with Dq = Z2 x Z2 we transform the integral 
O in 

cLnoA') = (1 - 2"')"' / \t22r%3r'df, = (2(8 - i)C2{s - 2). 

Doing the Euler product of all these local factors we obtain: 

(2.3) clAs) = as)as - ms - 2)C2(s)-\ 

which has abscissa of convergence 3. The functional equation for almost 
all primes is: 



(2.4) ckN,Mp^P~^ = {-i?p-''^'cL 



s . 



2.2.2. The Bieberbach group ©3, IT=(3,144)- This is the group 

(S3 = (7, Xi,X2, X3 : [Xi, Xj] = 1, 7^ = xi, 7x27"^ = X3, 7x37"^ = X2 ^) 

with Fitting subgroup A^o = {xi,X2,X3). We have 



(2.5) cLnoA-') = ii-p-T' I itiir-^it22r-^it33r-> 

Jt' 

where T' is the set of all pairs (t,v) G Tr(3,Zp) x Zp satisfying: 

(7x^)x*"(7x^)-i G Bt for t = 1,2,3; and (7X^)=^ G Bt. 
These conditions are translated in 

The associated cone conditions are: 



^1) t22\tl3+t 



(2) t3s\-'-^t23 + 2ti3-t 



t22 



13 ~ ''12, 



(3) t22|^23; 

(4) t33|- 11^23 + ^23-^22; 

(5) ^221^33; 

(6) t33| - gt23; 

(7) tii|3t;i + l; 
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(8) t22|-^ti2; 

(9) ^33|^(&23-tl3); 

Condition (3) implies (6) and conditions (4) and (5) imply ^22 1 ~ iff ^23 + 
^23 — ^22, or equivalently (^ff)^ ~ Iff ^ ^P' '^^icli is clearly possible only 
if ^221^23- Then (4) and (5) imply (3). Let's see that (1) and (8) can be 
changed by t22|^i2 and t22|^i3- In fact, it is clear that this new condition 
implies (1) and (8), and conversely if p = 3 then (8) is the same as t22|^i2 
which, in combination with (1), implies also ^22! ^13, whereas if p 7^ 3, 
then (5) and (2) imply t22|2ti3 — ti2, and this in combination with (1) 
implies )f:22|3ti3, which is the same as t22\ti3 and with (1) this implies 

^221^12- 

Now we shall see that conditions (2) and (9) can be replaced by a new 
condition: (*) taalfff ^23— i'^13- It is enough to see that (*) can be deduced 
from (2) and (9) because (*) clearly implies (9) and multiplying (*) by 
^ we obtain ^33]^^ — ^^f^, which by condition (4), is equivalent to 
43 1 H (^23 - 122) - and therefore we have ^33 1 |f (^23 - ^22) - ^ - 
2(||-ti3) = -^i^^t23+2ti3-ti2, which is condition (2). Now observe 
that if p = 3 then (*) follows from (9). If p 7^ 3 then multiplying the 
right hand side of (2) by g + 1 we obtain t33|(-^^7^t23 + 2ti3 - 
ii2)(|f + 1) = -ti2((|f + % + 1) + ti3(-(|f + g + 2) which, by 
condition (4), can be reduced into t33| — 3|i^t23 + 3ti3 and this implies 
(*). 

Finally (*), (4) and (5) clearly imply ^221^13 and our final set of 
conditions is: 

(1') t22|t33 
(2') t22|tl2; 

(3') ^22^33 1 — i^23 + ^23^22 " ^22 5 

(4') tn\Svi + 1 (or tn G Z* if j9 = 3); 

(5') %|ffft23 — ^13- 

Suppose that p = 3. We claim that condition (3') holds if and only 
if 1^22! = Ifel and ^221^23 or 1^22! = 3 1^33! and 3^221^23 - 3t22- In fact, if 
1^22! = 1^33! then (3') is reduced to ^^2 1^23(^23— ^22) which is equivalent to 
^221^23- If 1^22! = 3|t33| then (3') is the same as 3|-(||)2 + ||-1 and the 
last condition happens if and only if |^ G 2 + 3Z3, that is, 3^22 1 i^23~ 2/^22 • 
Finally if 3^^221^33 then (3') would imply 9| - + || - 1 but there 
is not solution of — x + 1 = mod 9. Applying Remark 12.21 in both 
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cases we obtain: 

(1 - 3-^)-=^ [ \t22r%3r'dfi = C3(2s - 2), 

^tllGZg, 1*221 = 1*33 



and 



1 - S-Y^ [ 3-%2r%3r'dfi = 3'-X3{2s - 2) 

J U 1 SZJ . I too 1=31*33 



'tllGZg, 1*221=31*33 

Then we obtain 

CLnoA') = (1 + 3^-^)C3(2s - 2) = Csis - 1). 

Suppose that p ^ 3. When 1^22! = 1^33 1 then (3') is equivalent to 
^221^23 and we can apply Remark 12.21 to obtain 

(1 - p-y [ \tur%2r%3r'df^ = Cpis)Cpi2s - 2) 

1*221 = 1*33 

If 1^22! > 1^33! then (3') implies that ^ is a. solution of — x + 1 = 
mod p which can happen only if p = 1 mod 3 and so we assume that 
this is the case. By Hensel's lemma there exist rii,r]2 G Zp such that 
— X + 1 = (x — r]i){x — 772). Then it is easy to see that condition 
(3') becomes equivalent to t33| — (t23 — Vit22){t23 — ^12^22) and this is 
equivalent to the following condition 



^331^23 - ^71^22 or h3,\t23-ri2t 



22 



It is easy to see that these two cases split our domain in two disjoint 
subsets and therefore we can apply Remark 12.21 in both cases. Their 
sum is 

2(1 - p-^"" I \tiir^\t22r^\t33r^dii = 2p^-Xp{s)Us - 

J \i-22\>\t-i-i\ 

To write down the final result we shall use the Dirichlet character X3 
to obtain: 

CLn,.v{s) = UsWs - 2) f 1 + (X3(p) + 1)t^^ 



l-p' 

Cp(s)Cp(2s - 2) — Y~p^s — 
Cp{s)Cp{s - l)L{s - l,X3,P) 
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The Euler product of all these local factors is: 



-1 _ 



(2.6) C«.,.. W = as)i(s -ms-l, Xs) ^^(,,^(,_^_^^ 3, 

which has abscissa of convergence 2. The functional equation for almost 
all primes p is: 

(2-7) CI,NoMp-.p-^ = {-irX3{p)p-''-'M,NoM 

2.2.3. The Bieberbach group 04.- IT=(3,76). This is the group 

©4 = {l,Xi,X2,x^ : [xi,Xj\ = 1,7^ = a;i,7a;27"^ = x^,'-fx^'-f' 
with Fitting subgroup Nq = {xi,X2,xs). We have 

(2.8) cl,NoA') - - p-T' [ \tiir%2r%3r'dt, 

JT' 

where T' is the set of pairs (t, v) G Tr(3, Zp) x satisfying 
7x^x*'(7x^)-i G fit for i = 1, 2, 3 and (7X^)^ G fif 
These conditions are translated in: 

4i2+*»a;3*"+*^=' G fit, a;2*''4'' ^ 4'' e ^t, e fi*. 

whose associated cone conditions are: 

(1) t22|tl2+tl3; 

(2) ^33 I ~ ^^^^J^^23 ~ ^12 + ^13; 



(3) ^221^23; 

(4) ^33111^23 + ^22; 

(5) t22|^33; 

(6) tii|4t;i + l; 

(7) t22| - 



(8) t33|^(||t23-tl3). 

Conditions (1) and (7) can be replaced by t22|^i2 and t22|^i3- In fact, 
for p = 2 this follows easily using (7) while for p 7^ 2 we use conditions 
(2) and (3) in combination with (1) to obtain t22|2ti2 which implies 
^221^12- Similarly (4) and (5) imply t\2\t2z + ^22 which implies (3). 
Now we shall see that conditions (2) and (8) can be replaced by (*) 
^33 1 1^^23—^13- It is enough to see that we can deduce (*) from the others 

because (*) imply (8) and multiplying (*) by we obtain ^33]^^ — 
tiz^-i which in combination with (4) gives H'i\ti2—tiz^. Then ^331^12 — 
ti3|^ + |^^23 — ^13 which is equivalent to (3). Now, from (3) we have 
^33|(-^^^^^23 - ^12 + ^i3)(|| + !)■ Straightforward computations on 
the right hand side of this condition, replacing ^ by —t22 which is 
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possible by (4), shows that ^33! — 2|^t23 + 2^13. If p 7^ 2 then this 
imphes (*) and if p = 2 then (*) is imphed by (8). 

Finally observe that (*) in combination with (5) implies t22|^i3- Then 
our new set of conditions is 

(r) t22|i^33; 
(2') t22|tl2; 
(3') ^22*^331^23 + '^22; 

(4') tii\Avi + 1 (or tn G Z* if p = 2); 

(5') ^3311^^23 — ^13- 

When p = 2 then it is easy to see, as in the last case, that (3') holds if 

and only if 1^22! = |i^33| andt22|i^23, or 1^22 1 = 2 1^33! and 2t22 1^23-^^22 (here 
we use that + 1 = has no solution mod 4). Then we compute 
the integral in both cases according to Remark 12.21 and the results are 
respectively 

(1 - 2-')-' [ |t22r'|t33r'rf/i = C2(2S - 2), 

and 

(1 - 2-i)-3 / 2-%2r%3r'dfi = 2i-^C2(2s - 2) 

"'tllGZ*,|t22|=2|t33| 

and therefore 

CLnoA-') = (1 + 2^-^)C2(2. - 2) = (2(8 - 1). 

Suppose that p ^ 2. If 1^22! = 1^33 1 then condition (3') is equivalent 
to ^221^23 and the integral in this case is 

(1 - [ \tur%2r'\t33r'dfi = us)Cp{2s - 2) 

^1*221 = 1*33 

If 1^221 > 1^331 then condition (3') is t33|t22((r^)^ + 1) and this says that 
p|(|^)^ + 1 which can happen if and only if p = 1 mod 4, and so we 
assume that this is the case. By Hensel's lemma there exists i G Zp 
such that + 1 = 0. Then condition (4') is just t22|(^23 — ^^22)(^23 + ^^22) 
which is equivalent to t22^33|^23 — ^^22 or ^22^33 1^23 + ^^22- It is easy to 
see that these cases split our domain in two disjoint subsets. We do 
the integral over each of these subsets, according to Remark 12. 2[ and 
we do the sum of them. The result is 

2(1 -p-')-' / \tur%2r%3r'dii 

= 2p'-Xpis)Cpis - l)Cp(2s - 2) 
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Summing the results obtained in the two cases we can obtain the ex- 
pression of the integral (12 .Sp for any p 7^ 2 using X4: 

pl-s 



C0,,No,pi') = Cp{s)Cp{2s - 2) (^1 + ixM + 1)- 

1 + X4ip)P^~'' 



V 



1-s 



Cp{s)Cp(2s-2)- 



1 — p 



1-s 



Doing the product of all the local factors we obtain 

(2.9) cUis) = asK(s - ms - 1, x.)^j(;yj^j^^ 

which has abscissa of convergence 2. The functional equation for almost 
all primes is: 

(2.10) cl,^o,p(^)lp-P- = (-i)'x4(pK'^+'Cl,iVo,.(^)- 

2.2.4. The Bieberbach group 0^: IT=(3,169). This is the group 
•Ss = (7, X2, : [xj, x^-] = 1, 7^ = 1, 7x27"^ = a^s, T^^sT"^ = x^^x^) 
with Fitting subgroup A^o = (a^i, a^2, 2:3). We have 

(2.11) cLn,,p{s) = {i-p-'r' [ \tur'\h2r%3r'di^ 

Jt' 

where T' is the set of pairs (t, v) G Tr(3, Zp) x satisfying: 
7x^x*"(7x^)-i G 5t fori = 1,2,3 and (7x^)6 G 5t. 
These conditions are translated in: 



^Xo'" G 5t, X5 



<23 „<22+<23 



G St, xf' G 5t and x^'^' G fit- 



6t)i + l 



The associated cone conditions are: 



(1) t22 

(2) hs 

(3) t22 

(4) t33 

(5) t22 

(6) tss 

(7) til 

(8) t22 

(9) t33 



ti2 + tis; 

*12+*13+ _L + 
-^^h3 + tl2, 

If t23 + ^22 + 

^33; 

te*23, 

Qvi + 1; 

fnii+l J. . 

6t^i+l/tl2J- f N 

-iir'^te*23 -tl3j- 
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As in the other computations we can see that (3) imphes (6), (1) and 
(8) can be replaced by t22|ti2 and ^221^13, and conditions (4) and (5) 
imply (3). Similarly, it can be proved that (2) and (9) can be replaced 
by ^33 11^^23 — ^13 and this new condition with (5) imply that ^221^13- 
The new set of conditions is 

(r) ^221^33; 

(2') t22|tl2; 

(3') ^3311^^23 + ^22 + ^23; 

(4') tn\Gv, + 1 (or tn £ ^ for p = 2, 3); 

(5') ^33 11^^23 - ^13- 

If p = 2 then it is easy to see that (3') holds if and only if |t22| — KssI 
and ^221^23- The integral under this new set of conditions is 

Cl,No,2{') = (1 - 2-^)-=^ / \t22r%3r'dl, = C2(25 - 2). 

If p = 3 then as in the other cases it is easy to see that (3') holds if 
and only if |t22| = 1^331 and t22|t23, or 1^221 = ^{tssl and 3t22\t23 - ^22- 
The integral in both cases are respectively 

(1 - 3-')-' [ \t22r%3r'dfi = Cs{2s - 2) 

JtlieZ*,\t22\ = \t33\ 

and 

(1 - 3-^)-3 [ 3-%2r%3r''dii = 3'-X3{2s - 2). 

-'tlieZ*,|t22|=3|t33| 

Thus, 

4,iVo,3(^) = (1 + ^'-'M2s - 2) = C2{s - 1). 

Suppose that p 7^ 2,3. We first consider the case 1^22! — 1^331 where 
condition (3') can be changed by ^221^23- The integral is 

{i-p-y [ \tur%2r%3r'dfi = Cp{sKp{2s - 2) 

^1*22 1 = 1*33 1 

The case 1^22! > 1^33! and condition (3') imply that is a solution of 
x'^+x+1 = mod p which can happen only if p = 1 mod 3 and so we 
assume that this is the case. By Hensel's lemma there exists ?7i, 772 G 
such that x"^ + X + 1 = {x — r]i){x — rj2) ■ It follows that condition (3') 
is equivalent to ^22 1(^23 — ^1^22) (^23 — Vi'^22), which is equivalent to the 
condition: ^221^23 — ^71^22 or ^221^23 — ^72^22, and these cases split the 
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domain in two disjoint subsets. We compute the integral in both cases. 
The sum of them is 



2(1 -p- 



-l)-3 f 
J Ho. 



\t 



11 



|s-l 



22 



'|*22|>|t33| 

Observe that this result is the same as the one obtained for the local 
zeta functions of 03 for p ^ 2,3 and so we will write just the result: 

Doing the product of all local factors we obtain 
(2.12) C|„iVo(«) =C(«)C(« - ms - 1,X3)- 

(2 13) C2(2. - 2) 1 

^ ■ ' C2{s)C2is - l)L(s - 1, X3, 2) C3{s)L{s - 1, X3, 3) 

which has abscissa of convergence 2. The functional equation for almost 
all primes is 

(2.14) CI,n„Mp^p-^ = (-l)'x3(p)p-'^+'C4,iVo,p(«)- 

2.2.5. The Bieberbach group 0q: IT=(3,19). This is the group 

06 = {oi, xi,X2, xs : [xi, Xj] — l,a^ — xi, ax2or^ — X2^, ax^oT^ — x'^^ 

with Fitting subgroup A^o = {xi,X2,xz) . We have 



(2.15) 



\s-3\ 



''22 



|s-4| 



''331 



,ee,iVo,p(5) = (l-P"')"' / l^lll 

where T' is the set of pairs (t, v) e T'r(3, Zp) x M^^^{l,p) such that 
Q;x^ix**(ax^i)-^ e Bt ^x^2x*'(/3x^2)-^ e Bt for i = 1,2,3 
(«x"^)2, (/3x"2)2, («x"i/3x"2)' e 5t. 

These conditions are translated in 



xi^^^xf''-' G fit, x^ 



2*13 „2t23 



'-"2 "^3 ^ -^t) -^3 ) -^3 € Bi^jX^ 

and the associated cone conditions are: 

(1) t22 

(2) t33 



2«ii+l ^2vi2 



1X2 1-^3 



X- 



-l-2i;i3+2t)23 



eBt; 



(3) t33 

(4) t33 

(5) til 

(6) t22 

(7) % 

(8) ^22 



£111-/- • 
- — ^23; 



2ti2; 

2*12 
t22 

2ti3; 
2^23; 



2vii + 1; 



12, 



2t>ii + l 
til 

2t;ii+l (ti2-f- 7- V 

2t;22 + 1; 
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(9) t33|^t23; 

(10) t33| -l-2t;i3 + 2t;23. 
When p 7^ 2 these conditions are clearly equivalent to 

^221^12, ^331*13, ^331^23, tll|2t;ii + l, ^2212^^22 + 1, % I - 1 - 2^13 + 2^723 ; 

and by Remark 12.21 the integral under this set of conditions is 

cLnoA^) = i^-p''r' I \tiir^\t22r'\h,r^dii = - if 

Jt' 

When p = 2, then conditions (5), (8) y (10) imply that tii,t22 and t33 
are units and therefore all conditions are trivially satisfied. Then the 
integral ( I2.15P for p = 2 is equal to 1. Doing the product of all the 
local factors we obtain 

(2.16) 4,iv„(^) = c(^-lfC2(s-l)'^ 

which has abscissa of convergence 2. The functional equation for almost 
all primes is 

(2.17) cl,NoA')\p^p-^ = (-i)V^+'4,^o,p(^). 

2.2.6. The Bieberbach group IT=(3,7). This is the group 

^1 = (7, xi, X2, X3 : [xi, Xj] = 1,7^ = xi, 7x27"^ = X2, 'JXsj'^ = X3 ^) 
with Fitting subgroup Nq = (xi,X2,X3). We have 

(2.18) ckNoA') = (^-p''r' [ \tnr'\t22r'\t33r'dfi 

Jv 

where T' is the set of pairs (t, v) G Tr(3, Zp) x satisfying the con- 
ditions: 

(7x^)x*'(7x^)-i G Bt for i = 1,2, Sand (7x^)2 G fif 
These conditions are equivalent to 

xf'',xf'' G Bt and xf^+^Xs""' G Bt. 
The associated cone conditions are: 

(1) t33|2tl3; 

(2) t33|2t23; 

(3) tii|2i;i + l; 

(4) t22|-^ti2 + 2t;2; 

(5) ^33 I '-^^ ^23 - -^^13- 
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When p 7^ 2 condition (1) and (2) are just tssl^is and t33|t23 and they 
imply condition (5). Then the conditions are 

, 2t;i + 1 

teFis, ^^23, tn\2vi + 1 and ^22! ti2 + 2v2. 

til 

Therefore, by Remark 12. 2[ the integral fl2.18p is: 

cLnoM = {i-p-'r'J \tiir'\t22r'\t33r'df, = us)Us - 1)^ 

When p = 2 then condition (3) says that tu is a unit. We shall 
consider cases: 

Case 1.1: tssjtis and t33|t23- In this case condition (5) is redundant and 
therefore the conditions are: tu G Z2, tssltis, ^331^23 and t22|^i2 — fi^T+i 
and according to Remark 12.21 the integral under these conditions is 

(1 - 2-1)-^ / it22r'it33r"> = Us - 1)'. 

Case 1.2: tssltis and 1^33 1 = 1 2^231- Observe that necessarily t33 e 2Z2. 
The coefficient of ^23 in (5) must lies in 2Z2 because otherwise (5) 
and t33|ti3 would imply ^331^23- Then our conditions are: tu G Zg, 
t33 e 2Z2, t33|ti3, |2"^t33| = 1^231, 2^221^12" |^ and the integral under 
these conditions is 

2-1(1 - 2-^)-^ [ 2-'\t22r'2\ts3r^dfi = 2-X2{s - If. 

itiiez*,i33e2Z2 

Case 2.1: 1^33! = |2ti3| Y '^331^23- By condition (5) this would imply 
that t33|ti3 which is a contradiction. Then this case is impossible. 

Case 2.2: |t33| = |2ti3| = |2t23|- Since the coefficient of ^13 in (5) is 
a unit then this also implies that the coefficient of ^23 is a unit and 
therefore we have 1^22! = \ti2 — f^Jf^l which implies (4). But now 
condition conditions (1) and (5) reduce (5) into ^331^23 + ''^13 and this is 
implied by the hypothesis because |ti3| = |t23| implies that |ti3 + ^23 1 < 
|ti3| and hence ^331^13+^23- Then the conditions are: tu G Zg, ^33 G 2Z2, 
|2-it33| = |ti3|, 12-1%! = 1^231 and 1^22! = \ti2 - The integral 

under these conditions is 

2-3(1 - 2-i)-3 / it22r-'2it33r-'^/i = 2~x2{s - If. 

Summing these results we obtain: 

CliVo,2(^) = (1 + 2^-^X2(3 -If. 

Doing the product of all the local factors we obtain 
(2.19) Cl,^,{s) = ({s - lfas)C2{s)-\l + 2^-^), 
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which has abscissa of convergence 2. The functional equation for almost 
all primes is: 

(2.20) C|,^o,p(^)lp-P- = (-1) V'^^'C|„M„p(5)- 
2.2.7. The Bieberbach group IT=(3,9). This is the group 

^2 = (7, X3, : [xi, Xj] = 1, 7^ = xi, 7x37"^ = 0:2, 73^37"^ = X2X^^) 
with Fitting subgroup A^o — {xi,X2iX^) . We have 

(2.21) C^„N,M - i"^ - P^'y I \tiA'~^\h2r''\h^Y-'dix 

Jt' 

where T' is the set of pairs (t, v) G Tr(3, Zp) x such that 
7x^x**(7x^)-^ e Bt for i = 1, 2, 3 and(7x^)2 e B^. 
These conditions are translated in: 

™tl3™— 2tl3 ™t23~— 2*23 ™t33™— 2*33 + 1 2V2+V3 ^ rj 

^2 , ^2 , ^2 jX]^ X2 t -Dt- 

The associated cone conditions are: 

(1) t22\tn; 

(2) t33|- 11^23 -2^13; 

(3) ^221^23; 

(4) t33|-||t23-2t23; 

(5) i22|^33; 

(6) t33|-||t23-2i33; 

(7) tii\2v-, + l- 

(8) t22| - ^-^ti2 + 2V2 + V^- 

2fl+l , I n , 

(9) ^33 1 ^23 - ^^^13- 

Assume that p ^2. Wc shall consider cases: 
Case 1: \t^^\ > \ti3\, It^s] > \t23\- In this case all conditions are implied 
by (5), (7) and (8). Then the conditions are just ^221^33, ^33|^i3, ^33|^23, 
tu\2vi + 1 and ^22 1 - ^^tu + 2v2 + V3. The integral is 

'•11 

(1 - p-')-' f \tnr%2r'\t3sr'dpi - us)c,{s - i)c,{2s - 2). 

Case 2: \tis\ > {tss] > |t23|- This condition is impossible because the 
hypothesis and (2) imply t33|ti3. 

Case 3: \t2^\ > {ts^l > \ti3\. Observe that (3) and (4) imply (l)-(6) and 
even more (4) implies (3) because t23|^33 with (4) imply Observe 
also that (8) and (9) can be replaced by (*) t22|f I - ^177^^12 + 2^2 + 
^3. We shall do a change of variables ^33 = ^^23^ and ^13 = pt23ab 
and then condition (4) is translated into pa\ — — 2, or pat22\ — 
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^23 — 2^22 and condition (*) is just pat22 \ — ^^f^ti2 + 2t>2 + v^. Taking 
account of the change of variables we have to compute the integral 
of (1 — J9"^)~^j9^^'^|tii|'*^^|t22|'*^^|i23|'*~^|a|'*~^ under the following set of 
conditions: 

(!') pat22\ - t23 - 2^22; 

(2') tn\2vi + 1 (or tu G Z* if J9= 2); 

(3') pat22\-^ti2 + 2V2 + V^. 

Since p ^ 2 then condition (1') implies that in the domain of integra- 
tion we have 1^22! = 1^23 1 and therefore we have just to compute the 
integral of (1 — p~^)~^p'^~''^\tii\'^~'^\t22\'^''^~^\0'\''^~^ under the same domain 
of integration. The result, according to Remark I2.2[ is 

(1 - p-yy-' j itiir-^it22r^-'iar-V"> = p-Xv{s)\,{2s - 2). 

Case 4: |t23| > |^i3| > 1^331- As in the last case, condition (4) implies 
(l)-(6) and since t23|^i3 and t23|''^33 then condition (9) implies (8). Doing 
the change of variables ti3 = 0^23, ^33 = pabt23 we translate conditions 
(4) and (9) in pabt22\ - ^23 - 2^22 and t22pab\ - {-^^^2 + 2v2 + 
V3) — ^^j^at22- Taking account on the change of variables we have 

to integrate (1 — ]5^"^)"^p^~*|tii|''~^|t22|**~^|a|'*"^|6|'*"^|t23|*~^ under the 
following conditions: 

(1') pabt22\ - t23 - 2^22; 

(2') tn\2vi + 1 (or tn G Z* if p = 2); 

(3') t22pab\^t,2 - 2v2 -vs- ^at22. 

Since p ^ 2 then condition (1') implies |t23| = |^22| and therefore we 
can replace the integrand by (1 — p~^)'^p^'^\tii\^~'^\t22\'^'^~^\a'\^~^\b\^~'^ 
and compute the integral according to Remark 12.21 The result is 

{i-p-^yy-' J p'^\tu\"'^\t22\'^"'M'~^\b\"'^df^ = 

= p'-Xp{syCp{s - l)Cp{2s - 2)(1 - p-') 

Case 5: |ti3| > |t23| > 1^33 1- In this case, as in the last two cases, con- 
dition (2) implies (l)-(6) and conditions (8) and (9) imply (7). Doing 
the change of variables ^23 = pO'tu, ^33 = p'^abti^ condition (2) becomes 
into p'^ab\ — pa^ — 2 which leads a contradiction since p ^ 2. 
Adding the results we obtain for p ^2: 

Cl2,7Vo,p(^) = Cp(s)Cp(s - 1)^- 

For p = 2 it is not difficult to see that !B2 has exactly three subgroups 
of index 2. One of them is iV and the others two, say Ax and A2, are 
isomorphic to Q3i and they have intersection contained in A^. Since 
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the intersection of subgroups of 032 of index a power of 2 has index a 
power of 2 then every subgroup A of ©2 of index a power of 2 satisfying 
AN = ^2 satisfies one and only one of the foUowing two options: 
^ < ^1 or ^ < A2. Then 

C4,iVo,2(s) = 1 + 2C«B2,iV,2(s) 

= C(s-l)'(l + 2'~' + 2^-2^) 
Doing the product of aU the local factors we obtain: 

1 I nl—s I q3— 2s 

(2.22) c4.ivo(s) = as)as - If + ; — 

which has abscissa of convergence 2. The functional equation for almost 
all primes is: 

(2.23) 4,iVo,p(«)lp^p- = {-^?P-''^'CLnoM 
2.2.8. The Bieberbach group OSs-' IT=(3,29). This is the group 
QS3 = (a, ^, Xi, X2, :[xj, Xj] = 1, = Xi, q;X2Q;~^ = 



X2 ^1 ax^a ^ — x^ 
1^.-1 



(3'^ — X2,Pxif3 ^ — xi, ^xsP ^ — x^^j^aP ^ — X2 



with Fitting subgroup A^o — {xi,X2,X3). We have 



(2.24) 



P 



'■'11 



\s-3\ 



''22 



\s-5 



T 



where T' is the set of pairs (t, v) e Tr{3, Zp) x M2x3(Zp) such that 
q;x^1x*^(q;x^i)-\^x^^x*'(^x^3)-^ G St for i = 1,2,3 
(ax"i)^ (^x"^)^^x^^q;x^i(/3x"2)-^(/3x"i)-^ G St. 

These conditions are translated in: 



X2 5 ^3 ^ ; ^ 



G St; 

The associated cone conditions are 



2fll+l ^2l)21 ^21^22 + 1 ^2D22 + 1^2t)i3-2i;23 



, X-^ X2 



, X2 



Ob Q 



eSt 



(1) 


^22 


2ti2; 


(2) 


^33 


2*12-/- 


(3) 


^33 


2ti3; 


(4) 


^33 


2^23; 


(5) 


tu 


2t'ii + 1; 


(6) 


^22 


2(;n + l . 
til ' 


(7) 


^33 


2vri+lfti2 4- 4- \. 
til ^22*23 *13j, 


(8) 


til 


2t;2i; 


(9) 


t22 


-^ti2 + 2t;22 + l; 


(10) 




-Z2m.tl2+2V22 + 1 


^33 


til -A 
t22 *23 



2V21i ■ 
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(11) t22|2i;22 + l; 

(12) t3s\-^^t23 + 2v,s-2v: 



23- 



When p 7^ 2 then it is easy to see that these conditions are reduced to: 

^22|^12,^33|^13,^33|^23,^ll|2t'll + 1, ill| 2^21, ^22! 2^22 + 1 and h^lvi^ - V23. 

The integral under these conditions is: 

When p — 2, (5) and (11) say that tn and ^22 are units. Combining 

this fact with (3) and (4) we can see from (10) that t33|t23, and using 
(7) we obtain ^331^13. The reduced conditions are therefore: 

tu e 22,^22 e Z2>^33 1^13,^33 1^23 and t33|2t'l3 " 2t'23- 

We spht the domain of integration according to when t^^ G Z2 or 
t33 G 2Z2. In the later case the condition ^33 12^13 — 2^23 is equivalent 
to ^|fi3 — ^23. The results are respectively: 

(1 - 2-')-^ I Id// = 1 

and 



(1-2-V/ 



2\t33Y-''d^x = 2^-X2{s - 1) 

t22eZ*,t33|2Z2 



Therefore 



CkN,,2{s) = 1 + 2^-^2(5 - 1) = (1 + 2^-^X2(5 - 1). 



1 + 2^-' 



The product of all the local factors is 

(2.25) ck..(s) = C(sK(s-l?^^^^^^^y 

which has abscissa of convergence 2. The functional equation for almost 
all primes is: 

(2.26) Cl,N,Js)\,^,-^ = {-lfp-'''^\l,MoA'). 
2.2.9. The Bieberbach group ^4: IT(3,33). This is the group 

©4 = (a, ^, xi,X2, X3 : [xi, Xj] — l,a^ — xi, ax2or^ — X2^, ax^a'^ — x^ 
0^ = X2, f^xip"^ = xi,/3x3/3~^ = ^, /3a/3''^a~^ = a:;2a;3) 
with Fitting subgroup A^o — {xi,X2,X3). We have 

(2.27) c4,ivo,p(«) = (1 -p-')-' / \tur%2r%3r'di, 

Jv 
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where T' is the set of pairs (t, v) G Tr(3, Zp) x M2x3(Zp) satisfying: 
ax^ix*' (ax^i)~\/3x^2x*'(^xV2^)-i ^ i = 1,2,3 

(ax"l)^(/3x"^)^/3x"^ax"^(/3x"l)~l(ax"2)-l G B^. 

These conditions are translated in: 

The associated cone conditions are: 

(1) ^22 

(2) t33 

(3) t33 

(4) t33 

(5) til 

(6) t22 

(7) t33 

(8) til 

(9) t22 

(10) t33 

(11) ^22 

(12) % 

When p^2 then conditions (1), (3), (4) and (8) are just t22|ti2) ^33 1^235 
^331^13 and tii|f2i- These conditions imply conditions (2), (6), (7) and 
(10) and simplify conditions (9) and (12). The new set of conditions is 

tll|f21,t22|tl2,t33|tl3,t33|t23tll|2t;il + l,Uz\2vvi - 2f23 + 1; 

and the integral fl2.27p becomes into 

cLn.m = a-p-Y'l \tnr%2r%3r'di^ = Cr{s)Cp{s-if. 

When p = 2 then condition (5) says that tu is a unit, and this in 
combination with (9) imply that t22 is a unit. Now, (4), (10) and the 
fact that til and ^22 are units imply that ^331^23 and combining this 
with (12) we obtain that ^33 is a unit. Then 

Therefore the product of all the local factors is 

(2.28) ci,ivo(^) = c(^)c(^ - i)%{sr%{s - 1)-^ 



2^12; 

2*12 4- 
^*23, 

2^23; 

2^13; 

2t;ii + 1; 

2V11+1 + . 

2t^ii+l /tl2 J- J- V 

2v2i; 

- ^ti2 + 2^722 + 1; 

-^tl2+2^22 + l 



2t;22 + 1 



*22 



J. 2u2i 4- 
-^23 5~r''13 



^t23 + 2t;i3 - 2i;23 + 1- 
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which has abscissa of convergence 2. The functional equation for almost 
all primes is 

(2.29) Cl,^o,p(^)lp-P- = (-l)V^+'Ci,^o,p(5) 

Now we start with the y45-groups which are note Bieberbach groups. 
2.2.10. The AB-groups of the type Q = p2. These are the groups 

E : {Xi, X2, Xs, 7 : [Xa, Xi] = Xg^ [Xg, Xi] = [Xg, Xs] = [xg, 7] = 1, 

The Fitting subgroup of ii^ is iV = = (xi, X2, X3) and we have: 

(2.30) cl,^,,(.) = [i-p-'r' I \tiir^\t22r'\h,r'sii 

where T' is the set of pairs (t, v) G Tr{2i^'Lp) x Mix3(Zp) satisfying: 
t33|2gtiit22, (7x")"'x*'7x" G Bt for i = 1,2,3, and7x"7x" G B^. 
These conditions are translated in: 

+ IO^+ + 2ti3+2i3(tiii;2-i'iti2)-2(/tiiti2 ^ n ^2i23+2g(-t)it22) ^ n 

1331^9^11^22 5 G -Dt, 2:3 G -Dt 

2s;3-2(jt)it)2+l U 
X3 fc -Dt- 

The associated cone conditions are: 

(1) t33|2Hnt22 

(2) t33|2ti3 + 2fc(tn^2 - ^^1^12) - 2Hnti2 

(3) t33|2t23-2A;t;it22 

(4) t33|2t;3-2/i;t;it;2 + l 

When p 7^ 2 then the integral (12.301) can be computed directly using 
Remark 12.21 and the result is 

ciN,M = {i-p-'r' [ \tnr'\t22r%3r'dfM 

•J t33 1^*11*22 

= Us) {Us - l)Us - 2) - p-'^'^^'^^^'^U'^s - l)Cp(2s - 2)) . 

If p = 2, then (4) says that ^33 is a unit and thus the other conditions 
are trivial. Then integral (I2.30p is: 

cInM = (1 - 2"')"' / \tiir'\t22r^d^i = C2{s - i)Us - 2) 
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Doing the product of all the local factors we obtain: 
USs - 3) 



Ce,jv(s) 



(2(23 - 1)C2(25 - 2) 

C,{s - l)Us - 2) - p-(^^W+i)Cp(2s - l)Cp(2s - 2) 



n 



Cp{s - l)Us - 2) - p-^U2s l)Cp(2s - 2) 



C(g-l)C(^-2)C(2s-l)C(2g-2) 
C(3s-3) 

which has abscissa of convergence 3. The functional equation for these 
groups for almost all primes is: 



(2-31) CE,iv,p(s)lp^p-i 



2.3. The AB-groups of type Q — pg. These are the groups 
E : {xi, X2, X3, 7 : [x2, Xi] = Xg^, [x^, Xi] = [^3, X2\ = [7, Xi] = 1, 
7x3 = X3 ^7, 7x2 = X2^-fx^\ 72 ^ xi) , qeN 
The Fitting subgroup of ii^ is iV = = {xi,X2, X3). We have 

(2-32) cl^N^js) = {1-p-')-' [ \tnr'\t22r%3r'spi 

JT' 

where T' is the set of pairs (t, v) G Tr(3, Zp) x Mix3(Zp) such that 
h3\2qtiit22, (7x")-'x*'7x" e B^, for i - 1, 2, 3 and (7X")' e 5*. 
These conditions are translated in: 

h3\2qhit22, 2:^*122:^ e St, for i = 1, 2, 3 
and 1+^X3 '^-''^^i^^ e St, 
whose associated cone conditions are: 



(1) ^33 

(2) t22 

(3) t33 

(4) t33 

(5) tn 

(6) t22 

(7) t33 



29^11^22 

2^12 

- |^t23 + 2ti3 + 5^12 + 2q{hxV2 + Vih2) 

qt22 + 2qvit22 
2vi + 1 



tri 



(2^;i+l)fi2, 



^tl2 

t23+g^2+2gt;i^2+^tl3+g^(^-l)tlA2 

If p 7^ 2 then (2) implies (6), (2) and (5) imply (4), and using (2) 
and (5) we can reduce (3) in ^33] — ^^23 + 2^23 + 2qtiiV2 and (7) in 

^33 1 - ^^Sf^^23 + qv2 + 2qviV2 + ^^13, but multiplying the second 
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term of the new condition (3) by we obtain the new condition 

(7). Then the new set of conditions is 

t33\qtut22, t22\ti2, tas] - - — ^23 + 2t23 + 2gtiiW2 and tn 1 2^1 + 1 . 

Using Remark 12.21 we obtain that the integral (I2.32p is 

cInA') = a-p-y I \tiir'\t22r'\h3r'dii 

J i33 19*11*22 

=CAs - 2){CpisK{s - 1) -p(2-^)(^^(^)+^)Cp(2s - 2)Cp{2s - 3)) 

If p = 2 then condition (5) says that tn must be a unit, (6) is 
equivalent to ^221*^12 and these conditions imply (2) and they also reduce 
(1) in t33|2gt22- This new condition (1) says that (4) is equivalent to 
^33|q'^22 and therefore (1) is redundant, (3) can be reduced in ^33! — 
^t23 + 2ti3 + 2gtiit;2 and (7) can be reduced in ^33! -^^^|77^t23 + g^^2 + 
2qviV2 + ^^^^13 which is equivalent to t33| - ^^^23 + Qiii + qhiV2 + ^13 
because '^^j^ is a unit. Clearly this new condition (7) implies the new 
condition (3). Therefore the final set of conditions is: 

til e t33|<?^22, ^221^12, i^33 I " ^^^^23 + QUi + gtiif2 + tl3. 

^22 

The integral under this set of conditions is 



a^,2(^) = (1 - 2-^)-^ / it22r-it33r-^rf/i 

= C2(s - 2) {Us - 1) - 2-(^-2)(-^('?)+i)C2(2s - 3)) 
Doing the product of all local factors we obtain: 

CeAs) = C2{s - 2) (C2(3 - 1) - 2-(-2)(-(^)+i)C2(2s - 3)) ■ 

TT Cp{s)Us - 1) - j9(^--)fafa)+^)Cp(2s - 2)Cp{2s - 3) 
i}, (pis)(p{s - 1) - p2-Cp(2s - 2)(p{2s - 3) 

C(5)C(^-l)C(2g-2)C(2s-3) 
C(3s-3) 

which has abscissa of convergence 2. The functional equation for almost 
all primes is: 

(2.33) Ce,nM\p-.p'^ = (-l)V^+'Cl,^,p(s)- 
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2.3.1. The AB-groups of type Q = p2gg. These are the groups 
E : (a;i,a;2,a;3,7i,72 : [x2,Xi\ = x'^'^, [xs,Xi] = [0:3, xg] = 1, 

7^X1 = X];^-Jixl\-JiX2 = X2'^-fiX^^'','JiX3 = X^'fi, 

J2X1 = X172, 722:2 = 2:2 ^22:3^'^ 72.^3 = a;3^72, 

2 2 -1-1 -(2g+l)\ ^ T.T 

7i = 2:3, 72 = xi, 7i72 = X2 72712^3 ), ? e N. 
The Fitting subgroup is N — — {xi, X2, xz) and we have 

(2.34) CIn^s) = {l-p-'r^ I \tiiY~'\t22Y~%,Y~'d^ 

Jt' 

where T' is the set of pairs (t, v) G Tr(3,Zp) x M2x3(Zp) satisfying: 
i33|4?iiit22, (7ix"')"'x*'7,x"^ e Bt, for i = 1, 2, 3,j = 1,2 
(7ix"0', (72X"^)^ (7ix^^72x"^)' e St. 

These condition are translated in: 

• t33|4gtllt22 

^ ^2t,3+2g(ia-<,2)+49(tafi2-^llt.2) ^ f^j, i = 1,2,3 



- ™-^ti2™-^ii3-^'Jii2-4(j(,!;iii'22i-^2iri2j ^ rj 

• 0-2 t J^t 

2i;i3+2g(i;ii— yi2)+l-4gi;ii'yi2 q 

• X3 t iJt 

2i'2 1 + 1 ,„ - 2gii22 -491)21 ^^22 



_ ™^1'21+1 ,,,-^(Zy22-'iyC21C22 ^ R 

- ™-2l)12+2t)22-l„-2gKl+l)2l)+^ 
• ^^2 •*'3 

whose associated cone conditions are: 



-2t)l2+2t)22-l„-2g(t'll+^'2l)+49(— yi2+l)22)-2?+4g(l)ii+t)2l)(-t'12+^'22) ^ D 
X2 X3 t -Dt, 



(1) 


^33 


4gtiit22 




(2) 


^33 


2ti3 + 2q{tu - ti2) + 4:q{tuVi2 - Vuti2 - tutu) 




(3) 


^33 


2t23 - 2g(l + ^;il)t22 




(4) 


^22 


2tl2 




(5) 


^33 


^^23 - 2ti3 - 2?ti2 - 4:q{tnV22 + "^21^12) 




(6) 


^33 


- 2gt22 - 4:qV2lt22 




(7) 
(8) 


^^33 
til 


2vxz + 2q{yx\ - ^^12) + 1 - '^qv\\Vx2 
2V21 + 1 




(9) 


^22 


2i;2i+l + 
til 




(10) 


^33 


(2l)21+l)il2^ 1 2«21+1^ 1 0„('2'Ul2 + lW 2^2+1 

tiii22 "^"^ til ^"^ til ill 


l)tlltl2 + 




2gV22 + 4gfU2lV22 




(11) 


^22 


— 2^12 + 2^22 — 1 




(12) 


^33 


- -2^12+2.22-4^3 + ^(^^^ + 1 + 2v2i + l)(-2t;i2 + 


2t;22 - 1) 



Suppose that p ^ 2. Using (1), (4) and (8), condition (2) can be re- 
duced in t33|2ti3 + 2g(tii — ^12) +4g(tiit>i2 — fiiti2) and condition (5) in 
t33|^t23 — 2^13 — 4:qtuV22- Subtracting new condition (2) from condi- 
tion (3) multiplied by ^12/^22 we obtain t33|^^t23— 2^13— 2gti2— 2giii(l-|- 
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2V12). This reduces new condition (5) in ts3\2qtii{ — l + 2vi2 + 2v22) and 
this new condition can be deduced from conditions (11) and (1). This 
shows that (5) is redundant. Condition (6) is also a consequence from 
(8) and (1), and (9) follows from (4). Conditions (4) and (1) reduce 
(10) in - + ^^tn + 2qv22+^V2iV22, and this condi- 

tion is implied by t^^l — y^t23 + tis + 2qtiiV22, and we saw that this is 
a consequence of condition (5). Finally condition (12) can be obtained 
from (3) multiplied by in combination with (8) and (11). 

Then the final set of conditions is 

|4gtiit22 

|2ti3 + 2q(tu - ti2) + 4g(tiit;i2 - Wiiti2) 
|2t23-2g(l + t;ii)t22 

|2tl2 

\2viz + 2g(fii - V12) + 1 - 4:qvuVi2 

\2V2l + 1 

\ -V12 + 2V22 - 1 

Under these conditions the integral (I2.34p is: 

/ N ,-l\-3 / u |s-2|- |s-2|. |s-2. 



(1') 


^33 


(2') 


^33 


(3') 


^33 


(4') 


^22 


(5') 


^33 


(6') 


til 


(7') 


^22 



Ce,nA-') = (1 - p ) / \tur%2r'\t3sr'df, 

•J txi\qtiit22 

= Us - l)(Cp(s - 1)^ - p-(-i)(^^(^)+^)Cp(25 - 2)^). 

If p = 2, then conditions (7), (8) and (11) imply that tii,t22 and ^33 
are units and then all the conditions are trivially satisfied. Then the 
integral (I2.34p in that case is just 

(InA') = (1 - 2-')-' / dfi = l 

■J t\-i,t22,tz'i&2 

Doing the product of all the local factors we obtain: 

, -p. Cp(^-l)2-p-(^-i)fafa)+i)C,(2.-2)^ 

^^'^^'^ J^l ^ Us - If - p-(-i)Cp(2. - 2f 

Q[s-lfa2s-2f 



aSs-3) 

which has abscissa of convergence 2. The functional equation for almost 
all primes is 
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2.4. The AB-groups of type Q = pA. These are the groups 

E : (xi,X2,X3,7 :[x2,Xi] = Xg^ [x^.Xi] = [X3,X2] = 1 

7x1 = X27, 73^2 = x^^-f, 7^ = X3), q eN 

and 

F : {xi,X2,X3,-f ■.[X2,xi] = xf', [X3,xi] = [X3,X2] = 1 

7x1 = a;27, 73^2 = a^rS^T^^ = a^g), <? G ^ 

The Fitting subgroup of is = N2q = {xi,X2,X3) while the Fitting 
subgroup for F is N^g. Let G denote either E or F and let e = 2 or 4 
according to when G = E or F. We have 

(2.35) Cg.nM= [ \tnr'\t22r'%3r'd^i 



v 



where T' is the set of pairs (t, v) G Tr(3, Zp) x Mix3(Zp) such that 

t33\eqtut22, (7x")-^x*'7x" G 5t, for t = 1,2,3, and (7x")^ G 
These conditions are translated in: 

• t3-i\eqtut22 

e — l+4v3 — 2eqviV2—eqv^ — eqV2 

• X3 

whose associated cone conditions are: 

(1) t3s\eqtiit22 

(2) tll|tl2 

(3) ^22 1 — f77'^12 ~ '^ll 

(4) t33| |^|^t23 + (1 - If )tl3 + (If + l)tlltl2 + tl3 " eqtuV2 ' 

eqviV2 - eqvitii 

(5) tll|t22 

(6) t22| - 17^12 

(7) tasKl +"|f)t23 - |fti3 + eg^lf (If + l)tiiti2 - egt^2t22 - eqviV2 

(8) tssle - 1 + 4^73 - 2egfif2 - eqvl - eqvl 

Suppose that p ^ 2. We shall consider two cases: 
Case 1: t22|^i2- In this case conditions (2), (3), (5) and (6) are equiv- 
alent to = 1^22! > |i^i2|- Multiplying condition (7) by we 
can reduce condition (4) in t33|2|^t23 + u where m is a function in the 
other variables which doesn't involve ^23 nor ^13. Observe that 2|^, 
which is the coefficient of ^23 in (4), is a unit and the same is true for 
the coefficient of tis in (7). Then we can compute the integral (12.35^ 



30 



DIEGO SULCA 



according to Remark 12.21 The result is: 

a-p-'r' [ , , , \tur'\t22r'\h3r'd^^ = 

/l33|gtllC22, 
\hl\ = \t22\ 

= Us){C,{2s - 2) -p-("^('')+i)C,(4s - 2)) 

Case 2: 1^2 \ t\2- In this case conditions (2), (3), (5) and (6) become 
equivalent to condition (3) plus = |ti2| > 1^22 1- If we write t\2 = 
{k + pt)t II for k G {1, . . . ,p — 1}, then condition (3) implies ^22 1 ((^ + 
pty + l)tii and since \t22\ < \tii\ then condition (3) implies fc^ + 1 = 
mod p. Since the equation + 1 = mod p has solution mod p 
if and only if p = 1 mod 4, then it makes sense to consider only the 
case p = 1 mod 4. In this case (by Hensel's Lemma) there exists 
i ^ such that + 1 = 0. Then condition (3) is equivalent to 
flfl^tn ~ ^'"^iii' ~'~ ^^^^ "^^^ happen if and only if — i) or 

t^Kt^ + and both cases cannot occur at the same time. Then once 

111 ' ^tii ' 

til and ^22 have been chosen, ti2 can be chosen in a set of measure 
2 1^22 1- For any such ^11,^22 and tu then we have that ^"^^ and 
are both units. Multiplying condition (4) by ^J^^^^ we can eliminate 
the term which contains ti3 in (7) and the coefficient of ^23 in (7) will 

be 1 + - , \ = 1 - ^i^ifi = -2-^u— which is a unit. As 

111 112—111 111 112—111 112—111 

in the other case, the integral we have to compute is 

-l^-3 / u |s-2u |s-2u \s-l 

^33 19*11*22 
|*ll|>|t22| 



2-ii-p-T' A , \tiir'\t22r'\t33r'dfx 
/133 19111122 



= Cpis)p-^'-'\Cpis - l)Cp(2s - 2) - j9-^(''^('')+2)Cp(4s - 2)Cp{2s - 1)) 
Adding the results in both cases we obtain that for p 2: 

Cg,n.„p{') = Cpis){U2s - 2) -p-(^^(^)+i)Cp(4. - 2)) 

+ (X4(p)+l)Cp(5)p-^^-'HCp(^-l)Cp(2s-2)-p-^(^^('^)+2)^^(4^_2)^^(2s-l)). 

Suppose that p = 2. In that case condition (8) says that ^33 must be 
a unit. Assuming that ^33 is unit then conditions (4), (7) and (8) are 
trivially satisfied. We consider two cases: 
Case 1: t22|ti2- In this case (2), (3), (5) and (6) are equivalent to 
\tii\ = 1^22! > 1^12! and then the integral is just 



tll| = |t22 

C2(2s-2). 
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Case 2: ^22 \ ti2- In this case we have = |ti2| > 1^22 1- If ^12 — 
(1 + 2^)^11 then condition (2) is ^22! (2 + 4i + A£^)ti-i which means that 
K22I = 2~^|iii|. Then the integral is just 

(1 - 2-^)-=^ / \hiY-'\t22Y-^dii = 2-(^-i)C2(2s - 2) 

|tll|=2|t22| 

Summing the results in both cases we obtain 

CIn^^M = (1 + 2-(-^))C2(2s - 2) = C2(« - 1). 
Doing the product of all the local factors we obtain: 

CIn^S') = - 1) n [Cv{s){Ws - 2) - p-(''^(«)+^)Cp(45 - 2)) 

+ (X4(p) + l)CMp-^'~^\U^ - l)Cp(2s - 2) -p-^(^^W+2)Cp(4s - 2)Cp(2s 

iv(3g - 2,X4,p) 

Cp{s - l)Cp(2s - l)L{s - 1, XA.p)L{2s - 1, X4,p) 

C{s - 1)C(28 - l)L{s - 1, - 1, X4) 

L(3s-2,X4) 

which has abscissa of convergence 2. The functional equation for almost 
all primes is: 

(2.36) Cg,nMv^v-^ = {-^fx^{p)p-^'^\GAs). 

2.4.1. The Bieberbach groups of type Q = p3. These are the groups 

E : {xi,X2,X3,-f : [x2,Xi] = xl'^, [x3,Xi] = [X3,X2] = 1 

7x1 = X27, 1x2 = x^^x^^'y, 7x3 = 0:37, 7^ = xs), qe N, 

F : {xi, X2, X3, 7 : [^2, Xi] = xl'^, [X3, xi] = [x^, X2] = 1 

7x1 = X27, 7x2 = xJ^^Xa 73^3 = 2:37, 7^ = 2:3), qe N, 

G : (a;i,a;2, 0:3,7 : [x2,Xi] = x^, [xs,Xi] = [xs,X2] = 1 

7x1 = X27a;3, 7x2 = Xj^^Xg 1^3 = '^'37, 1^ = ^3), r e N, r ^ 3N. 

Their Fitting subgroups are respectively N^g, N^g and Nr. Let G be 
any of the groups E, F and G, its the Fitting subgroup and let k 
denote either 3q or r according to the case. Let also e = 1 if G = or 
G and e = 2 if G = F and let 5 = 1 if G = G and 5 = in the other 
cases. We have 

(2.37) Cg,nA^) = (1 -p"')"' / \tur%2r%3r'd^, 

where T' is the set of pairs (t, v) e Tr{?>, Zp) x Mix3(Zp) such that 
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• t3s\ktiit22 

• (7x^i)-ix*'7x^i e Bt for t = 1,2,3. 
These conditions are translated in: 

• ^331^^11^22 

-tjj+fjj -tj^^ tl3+ktll^^2-^-ktlltl2+kV2tll~'kV2tl2~ktllVl+S{tll-tl2) J-. 
Si's — A;t)it)2 — fcf 2 ~kv\ ^^^^ +t+5(2v\ —V2 ) „ 

whose associated cone conditions are: 

(1) t33|Hiit22 

(2) till - til +tl2 



22 



^ll~*ll*12+*12 
ill 



(3) t 

(4) t33 r^--:::::r^^- t23 + '^u, + f-^(-^ + i)tiiti2 



^(-^11 +^12)^11 + ^^11^%^ - ^^11*^12 + kv2tii - kv2ti2 - ktnVi 
5(tn - t 



12 



''22 



(5) tn\t 

(6) t22|-|fti2 

(7) t33|^^t23 - |ftl3 + llf (If + l)tlltl2 - kV2t22 " 6t22 

^2 + 1 _ L„, t;i + l 



(8) ^33131^3 - kviV2 - kvi2^ - kvii^ - kv,V2 + e + 5(2t;i - V2) 
Suppose that p 7^ 3. We consider two cases: 
Case 1: ^221^12- In this case, condition (2), (3), (5) and (6) become 
1^11 1 = 1^22! > 1^121- Multiplying condition (7) by and adding 

it to (3), we transform condition (3) in a new condition which doesn't 
involve ^13 and where ^23 has coefficient 3|^ which is a unit. Then we 
can compute the integral fl2.37p under these conditions using Remak 
E21 

{^-v-'r' [ , \tnr'\t22r'\t33r'df, 

Jt33\ktiit22 
|ill| = l*22| 

= C,{sKU2s - 2) -p-^('"^«+i)Cp(4s - 2)) 

Case 2: t22 t ^12- In fhis case we have that conditions (2), (3), (5) and 
(6) are equivalent to condition (3) plus = |ti2| > 1^22 1- Writing 
^12 = (a + pt)tii for a G {1, . . . ,p — 1} we see that condition (3) is 
equivalent to t22|iii(l — a + a"^ — pt + 2apt + p^t^) which implies that 
p\l — a + a"^. Since the equation — x + 1 = has solution mod p 
if and only if p = 1 mod 3 then it makes sense to consider only the 
case p = 1 mod 3. By Hensel's Lemma there exist a, /3 G Z* such that 



X 



2_x + l = (x-a){x-l3). Then (3) is equivalent to |f|(|f -a) (|f-/3) 
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and this can happen if and only ii ^l^^ — a or t^\t^ — B and these 

■^^ 111 ' Cll 111 ' Cll ' 

cases split the domain of integration in two disjoint sets. Thus, once 
til and ti2 have been chosen we can choose ti2 in a set of measure |t22|- 
For tii^ti2 and ^22 satisfying the conditions above we see clearly that 
*"f7i*^^ , which is the coefficient of ^13 in (4), is a unit. Multiplying (4) 
by 2t *-t (observe that |2tii — ^12] = otherwise (3) cannot be 

satisfied) and adding it to condition (7) then we can transform (7) in 
a new condition which doesn't involve ti3 and where the coefficient of 
is *ii-*ii*i2+*i2 t22 ^ tii+ti2 ^ 3fii ^YAdi is a unit. Then we 

^•^ tllt22 2fli-ti2 til 2tii-ti2 

can compute the integral according to Remark 12.21 The result is 

2(1 -p-')-' / , \tiiY-'\t22Y-'\h,Y-'dn 

\tll\>\t22\ 

= 2C,{s)p-'^^-'\C,{s - l)U2s - 2) -p-('^^('')+2)Cp(45 - 2)Cp(2s - 1)) 
Summing both cases we obtain for p ^ 3: 

Cg,nA') = Us)iU2s - 2) -p-(^^(^)+i)Cp(45 - 2)) + 
(l+X3(p))Cp(5)p-^^"'HCp(5-l)Cp(2^5-2)-p-^(''^(^)+')Cp(43-2)C,(2.-l)). 

If p = 3 then for k = 3q condition (8) says that is a unit and for 
k = r, analyzing the residues mod 3 of r, Vu and V12, we obtain that 
3173 — rviV2 — rv2^^^j^ — rfi^^^^ + l + 2vi — V2 is not divisible by 3. Then 
we can assume that t33 G Z3 in any case and therefore conditions (4), 
(7) and (8) are trivially satisfied. We consider two cases: 
Case 1: t22|^i2- The conditions are equivalent to = 1^22! > |^i2| 
and the integral is: 

|tll| = l<22| 

= C3(2s-2) 

Case 2: ^22 \ tu- In this case we have that the conditions are equivalent 
to condition (3) plus = |ti2| > 1^22 1- The solution of — a; + 1 
mod 3 is a; = 2. Then ti2 must be of the form ti2 = (2 + 3t) and 
condition (3) is therefore ^22 1 (l-2+4-3t+12t+9t2)tii = (3+9t+9t*)tii, 
which means that 1^22! = 3~^|tii| and, as in the case of the groups of 
type Q = p4, this implies that tu lives in a set of measure |t22|- Then 
the integral is 

[ \tiir'\t22r'dfi 

•J \til\=3\t22\,t33&^ 

= 3-(^-i)C3(2s - 2) 
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Summing the results in both cases we obtain 

ClN,3is) = (1 + 3-(^-i))C3(2s - 2) = Us - 1). 
Doing the product of all the local factors we obtain: 

CgMs) = Us - 1) n ^p('^ [iW^ - 2) - p-'^^^^'^^'Kpi^s - 2))+ 

(1 + X3(p)) p-^'-'\Cp{s - l)Cp(2s - 2) - p-(''^«+2)Cp(4s - 2)Cp(2. - 1))] 

^(3s - 2,X4,P) 



n 



Cp{s - l)Cp{2s - l)L{s 1, X3,p)L{2s 1, X3,p) 

Cjs - l)C(2g - 1)L(5 - 1, X3)L{2s - 1, xs) 
Li3s-2,X3) 

which has abscissa of convergence 2. The functional equation for almost 
all primes is: 

(2.38) CG,N,pi')\p^p-^ = {-^?p-''^'X4{p)CG,N,pis). 

2.4.2. The Bieberbach groups of type Q = p6. These are the groups: 
E : {xi, X2, xs, 7 : [x2, Xi] = xl'^, [xs, Xi] = [xg, X2] = 1 

70:1 = X1X27, 7x2 = Xi^-f, 7x3 = X37, 7^ = xa) , g e N, 

F : (a;i,a;2,a;3,7 : [x2,xi] = Xg*^"^^, [a;3,a;i] = [a;3,a;2] = 1 

70:1 = a;ia;27, 7x2 = x^S, 7^3 = ^37, 7^ = ^3), q& N, 

G : {xi,X2, X3, 7 : [^2, xi] = Xg^, [2:3, xi] = [2:3, X2] = 1 

7x1 = X1X27, 7x2 = xj"^7, 7x3 = X37, 7^ = X3), qe N, 

H : (a;i,a;2,a;3,7 : [x2,Xi\ = xf^'^, [x3,Xi\ = [x3,X2] = 1 

7x1 = a:ia:27, 7x2 = x^^'y, 7x3 = 2:37, 7*^ = xl), q eN. 

Let G denote any of the groups E, F, G and H and let k denote 6q, 
6g + 2 or 6g + 4 according to the case. Let N be the Fitting subgroup 
of G and let e = 1 if G is any of the groups E, F and e = 5 in the other 
cases. We have: 

(2.39) Ca^js) = {i-p-'r' I \tiir'\t22r'\t33r''dti 



v 



where T' is the set of pairs (t, v) e Tr{3,Zp) x Mi^Zp) such that 

• t33\ktnt22 

• (7x^i)-V»7x^i e Bt for i = 1,2,3. 

• (7x^1)' e ^t- 
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These conditions are translated in: 

• ^331^^11^22 

_ ^ti2 -tii+ti2 tl3+ktl2{tl2+l)-ktlltl2-kV2tl2-ktllVl+ktl2'ul ^ p 
« t22^t22 <23+6gt22(t22 + l)-6g?;2t22+6gt22fl ^ R 

• Jy-^ Jj<2 »^3 -L>t 

l+6D3-feui(3i;i+3)-to2(3?;2-3) ri 

whose associated cone conditions are: 

(1) t33|fctllt22 

(2) tll|tl2 

1221 

(4) t33|^m^t23 + (1 - If )tl3 + llf (If + l)tlltl2 - /Ctl2(-tll + 

ti2) + kti2{ti2 + 1) - ktnti2 — kv2ti2 — ktiiVi + kti2Vi 

(5) tll\t22 

(6) t22| -|ftl2 + t22 

(7) t33||ft23-|ftl3 + ||f(|f + l)-A;ti2 + A;t22(t22 + l)-A;^;2t22+^i22^^1 

(8) i33|e + 6^3 - kvi{3vi + 3) - ^^2(3^2 - 3). 
Suppose that p ^ 2,3. We consider two cases: 

Case 1: t22|^i2- In this case, condition (2), (3), (5) and (6) are equiv- 
alent to l^iil = 1^22! > |^i2|- Multiplying condition (7) by and 
adding it to condition (4) we can eliminate the term which contains 
tia in (4) and the coefficient of ^23 will be ^?2+*f 1-^11^12 ^ ti^M = hi. 

^•^ \ J ^"5 «llt22 t22 hi t22 

which is a unit. Then we can compute the integral as we did in the 
last cases: 



Jt33\ktiit22 
l*ll| = l*22| 

= Cp(s)(Cp(2s - 2) -p-(^^W+i)Cp(45 - 2)) 

Case 2: ^22 t^i2- In this case conditions (2), (3), (5) and (6) are equiv- 
alent to condition (2) plus = |ti2| > 1^221- Wc saw in the case of 
groups of type Q = p3 that condition (3) can be satisfied if and only if 
p = 1 mod 3, and for p = 1 mod 3 we have that the set of those tu 
satisfying this condition has measure 2|i22|- Then the integral is: 

2(i-p-i)-3 [ \tur'\t22r'\tssr'dpi 

I*ll|>|t22| 

= 2Cp{s)p-^'-'\Cp{s - l)Cp(2s - 2) -p-<'^^^^+'^Cp{^s - 2)Cp(2s - 1)) 
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Summing the results in both cases we obtain for p 7^ 2, 3 

Cg,nA') = Us){U2s - 2) - p-(^^(^)+i)Cp(4s - 2)) + 

+ (1 + X3{p))Cp{s)p-^'-'\Cpis - l)Cp{2s - 2) - p-(^''(^)+2)Cp(4s - 2)C,(2s 

If p = 2 or p = 3 then condition (8) imphes that t^s must be a 
unit and the integral is the same as that for groups E of type Q = p3 
giving the same result except for the case p — 2 where we only have to 
consider the case t22|^i2- The results are: 

Cg,jv,2(s) = C2(2s - 2) and Cg,jv,3(s) = (2(8 - 1). 
Doing the product of all the local factors we obtain: 

CgA^) = C2{2s - 2)Cs{s - 1) n Cp(s) [{U2s - 2) - p-<'"^^'^^+'\,{As - 2 

p^2,3 

(1 + XM)P-^'-'^ {Us - l)Cp(2« - 2) - p-(^^(^)+^)Cp(45 - 2)Cp(2. - 1))] 
TT L(3g - 2,X4,p) 

p}L\k ~ ^^^^(^^ ~ ~ ^.Xz.p)L{2s - 1,X3,P) 

Cjs - 1)C(25 - l)L{s - 1, Xz)L{2s - 1, X3) 
L{?>s-2,xz) 

which has abscissa of convergence 2. The functional equation for almost 
all primes is: 

(2.40) CInMv-^v-^ = {-^fp-''''\MClNM- 
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